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Abstract 

In this note we will show how to compute U p acting on spaces of over- 
convergent p-adic modular forms when Xo(p) has genus 1. We first give a 
construction of Banach bases for spaces of overconvergent p-adic modular 
forms, and then give an algorithm to approximate both the characteristic 
power series of the U p operator and eigenvectors of finite slope for U p , and 
present some explicit examples. We will also relate this to the conjectures 
of Clay on the slopes of overconvergent modular forms. 

1 Introduction 

Let p be a prime number. Let us first recall the definition of the slope of a 
normalized modular eigenform. 

Definition 1. Let f be a normalized cuspidal modular eigenform with Fourier 
expansion at oo given by Y)^°_^ a n q n (so a% = 1). The slope of f is defined to be 
the p-valuation of a p viewed as an element of C p ; we normalize the p- valuation 
of p to be 1. We also say that the slope of is infinite. 

There has been substantial interest in computing the action of the U p op- 
erator acting on overconvergent modular forms in the case where Xq{p) has 
genus 0; in other words, when p G {2,3,5,7,13}; indeed, computations such 
as that in [17] can be seen as precursors to this. One particular approach to 
this was outlined in [5D] (see [TB] and [H] for an accessible exposition of this), 
and there are also explicit results on the slopes of the U p operator in certain 
circumstances; see [3], [5], [5], [D] and [IS], as well as conjectures which give 
formulae for the slopes; see [3] and [5J, for instance. In this paper, we will give 
a similar construction for those cases where X (p) has genus 1. 

There have also been a number of papers which attempt to approximate 
overconvergent modular forms or automorphic forms, such as [I], [13j and [18] . 
These either prove or assume the existence of an eigenform for the U p operator, 
and then use an iterative process to find an approximation to the eigenform of 



the desired accuracy. In this paper, we will give a construction which allows us 
to do this. 

2 Some arithmetic geometry 

Throughout the rest of this paper, we will assume that p is a prime number 
such that Xo(p) has genus 1; in other words, that p 6 {11, 17, 19}. We will also 
only be concerned with forms with finite slope (in other words, with nonzero U p 
eigenvalue); see 10 for an investigation of when forms of infinite slope can be 
approximated by forms of finite slope. 

2.1 Background material 

We first recall the definition of overconvergent p-adic modular forms; we recall 
that these arc defined to give a subspace of the p-adic forms on which the Hecke 
operator U p is compact. This will require us to summarize some background 
material. 

Following Katz |14| . section 2.1, we recall that, for C an elliptic curve over an 
Fp-algebra R, there is a mod p modular form A(C) called the Hasse invariant, 
which has ^-expansion over F p equal to 1. 

We consider the Eisenstein series of weight p — 1 and tame level 1 defined 
over Q, with Fourier expansion 

We see that E v _\ is a lifting of A(C) to characteristic 0, as the reduction of E v -\ 
to characteristic p has the same g-expansion as A(C), and therefore E p -\ mod p 
and A(C) are both modular forms of level 1 and weight p — 1 defined over F p , 
with the same g-expansion. Note also that if C is an elliptic curve defined 
over Tip then the valuation v p (E p -i(C)) can be shown to be well-defined. We 
also note that for the primes p we are considering here, the Eisenstein series 
does not necessarily have coefficients in Z (this is because the space of modular 
forms for SL2(Z) of weight p— 1 is not necessarily 1-dimensional; this is another 
new feature that we have to deal with in this paper). 

We now let m be a positive integer, and recall that the modular curve Xo(p m ) 
is defined to be the moduli space that parametrizes pairs (C,P), where C is an 
elliptic curve and P is a subgroup of C of order p m . 

Using arguments exactly similar to those in [15] , we define the affinoid subdo- 
main Zo(p m ) of Xo(p m ) to be the connected component containing the cusp oo 
of the set of points t = (C, P) in X (p m ) which have v p (E p -i(t)) = 0; we note 
that Vp(E p -i(t)) = means either that the point t corresponds to an ordinary 
elliptic curve or that t is a cusp. 

We now define strict affinoid neighbourhoods of Zo(p m ). 
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Definition 2 (Coleman [BJ, Section B2). We think of Xo(p m ) as a rigid space 
over Q p , and we let t £ Xo(p m )(Q p ) be a point, corresponding either to an 
elliptic curve defined over a finite extension of Q p , or to a cusp. Let w be a 
rational number, such that < w < p 2 ~ m /{p + 1). 

We define Zo(p m )(w) to be the connected component of the affinoid 

{teX (p m ) : v p (E p -x(t))<w} 

which contains the cusp oo. 

2.2 Overconvergent p-adic modular forms 

Having introduced this terminology, we can now define p-adic overconvergent 
modular forms. 

Definition 3 (Coleman, [7J, page 397). Let w be a rational number, such 
that < w < p 2 ~ m /{p+l). Let O be the structure sheaf of Z (p m )(w). We call 
sections of O on Z{){p m ){w) w-overconvergent p-adic modular forms of weight 
and level To(p m ). If a section f of O is a w- overconvergent modular form, then 
we say that f is an overconvergent p-adic modular form. 

Let K be a complete subfield ofC p , and define Zo(p m )(w) ir to be the affinoid 
over K induced from Zo(p m )(w) by base change from Q5. The space 

M (p m ,w;K) :=O{Z (p m ){w) /K ) 

of w -overconvergent modular forms of weight and level To(p m ) is a K-Banach 
space. 

We now let x be a primitive Dirichlet character of conductor p m and let k 
be an integer such that x{~ 1) = Let E^. be the normalized Eisenstein 

series of weight k and character x with nonzero constant term. 

The space of w- overconvergent p-adic modular forms of weight k and char- 
acter x is given by 

M ktX (p m ,w;K) :=El x -Mo(p m ,w;K). (1) 
This is a Banach space over K . 

There are Hecke operators U p and Ti (where I ^ p) acting on the space of 
modular forms A4k, x (p m , w; K); these are defined on the (/-expansions of the 
overconvergent modular forms in exactly the same way as they are defined on 
the Fourier expansions of classical modular forms. One defines T„ for n a natural 
number in the usual way. 

Using results of Coleman, we have the following theorem about the indepen- 
dence of the characteristic power series of U p acting on M.j, x (p m ,w\ K), which 
means that we can prove results for a single choice of w and know that our 
result does not depend on this choice. This is the result which allows us to draw 
conclusions about the characteristic power series of U p from our computations, 
which involve choosing one value of w and working with that value. 
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Theorem 4 (Coleman [5], Theorem B3.2). Let w be a real number such that < 
w < min(p 2_m /p, l/(p + 1)), let k be an integer and let x be a character such 
that X {~1) = {-l) k ■ 

The characteristic polynomial ofU p acting on w-overconvergent p-adic mod- 
ular forms of weight k and character \ * s independent of the choice of w. 

Because we will be approximating the matrix of the U p operator in the next 
section, we will find the following result of Serre useful (we note that in [115] 
the older term "completely continuous" is used) . We note also that it is a well- 
known result that the U p operator acting on overconvergent modular forms is 
compact; we recall that this was the motivation for introducing overconvergent 
modular forms as a subspace of the p-adic modular forms. 

Theorem 5 (Serre |19j . Proposition 7). Let be a compact infinite matrix 
(that is, the matrix of a compact operator). If M m is a series of finite matrices 
which tend to M^, then the finite characteristic power series det(l — tM m ) 
converge coefficientwise to det(l — tMoo), as m — > oo. 

If the genus of Xo(p) is zero, then it can be shown that a Banach basis for 
the space of p-adic overconvergent modular forms of weight is 

{z, z , . . . , z ', . . .}, 

where z is a suitable modular function of weight which vanishes at the cusp oo. 
The radius of overconvergence will depend on the choice of z; see [TS] and [H] 
for examples of this. 

However, one cannot use the same methods when the genus of Xo(p) is 
greater than 0, because there are now several supersingular j-invariants mod- 
ulo p (in general, there are approximately [p/12j modulo p). In the genus 1 
case, which we are dealing with here, there are two supersingular j-invariants; 
these can be computed to be and 1 when p = 11, and 8 when p = 17 and 7 
and 18 when p = 19. This means that the overconvergent functions of weight 
are functions on an annulus rather than on a disc (as in the genus case). 

We will now state the main result of this paper. 

Proposition 6. Let p be a prime such that Xo(p) has genus 1 and let a and b 

be the distinct supersingular j-invariants modulo p. Let z := c • (J — a) j (j — b) 
be a parameter on the closed unit disc, where c G C p has normalized valuation 
strictly between and 1. 

If we let A be the annulus {1/p < \z\ < 1} in this disc, then an orthonormal 
basis for the functions on A is given by 

{1, z, z 2 , z\ . . . , z\ . . .} U {p/z, {p/zf, {p/zf, . . . , (p/z)\ . . .}. (2) 

These are p-adic overconvergent modular forms of weight 0; we call the space 
spanned by nonzero powers of z and p/z the space of cuspidal p-adic overcon- 
vergent modular forms. 
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The proposition can be proved by considering what the basis of the Banach 
space is, and generalizing the results from the case where the genus of Xq(p) 
is 0. 

To compute the matrix of the U p operator with respect to the basis @, 
we need to be able to write U p {z l ) and U p {(p/z) 1 ) in terms of z l and (p/z) 1 . 
Because we are dealing with modular curves with two cusps in this paper, we 
will not be able to write these as power series in one variable with a zero at 
that cusp; indeed, we note that both z and p/z have a nonzero constant term 
in their g-expansions. This means that we are going to have to approximate the 
action of the U p operator modulo p N for higher and higher powers of p to find 
the characteristic power series of U p . 

Concretely, we can find approximations to C/ p (z 4 ), for i £ Z, by finding a 
linear combination of z- 7 and (p/z) k (for j, k £ N) which is congruent to U p (z % ) 
modulo p N for some positive integer N using a computer algebra system such 
as Magma [2]. This requires linear algebra over Z/p N Z, but is not otherwise 
technically difficult. 

Similarly, we note that for primes p where the modular curve Xq(p) has 
higher genus, we would need to use more parameters to obtain a basis for the 
overconvergent modular forms, one for each cusp. 

3 Some computational results 

We will illustrate this with an example. Let p = 11 and k — 0. We can compute 
the characteristic power series of U p acting on overconvergent modular forms of 
weight using the procedure we have outlined above; for instance, if we compute 
the action of U\\ modulo ll 13 acting on the basis {1, z, 11/ z, . . . , z 6 , (ll/z) 6 }, 
we find that the characteristic power series modulo 11 13 is given by 

f(x) = l + 30120372860126x+ 17601733022753a; 2 

+ 32271675221764a; 3 + 17634685093520a; 4 + 5939670233629a; 5 

and it can be easily checked that the slopes of this polynomial which correspond 
to cusp forms are {1, 2, 3, 4}. 

There are conjectures of Buzzard (see [3], Section 2) which predict what the 
slopes of the Hecke operators acting on classical modular forms of weight greater 
than 1 will be; we can use the work of Wan [25] on families of modular forms, for 
instance, which proves a weak version of the Gouvea-Mazur conjecture (see [12] ) 
which allows us to relate these slopes of weight k classical forms to the slopes 
of overconvergent forms of weight that we compute. One can therefore check 
explicitly what the first few slopes should be in weight 0, and we find that the 
first few slopes are those we have computed above. 

3.1 Extensions to more general weights 

We have now proved that there is an orthonormal basis for the space of overcon- 
vergent modular forms of weight 0, given by (J2J. We can use the presentation 
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of the nontrivial weight forms given in (TTJ) to write down the following basis of 
the weight-character k forms: 

{E k: £ k .z,Ek< z 2 , . . .} U {E k ■ p/z, £ k • {p/z) 2 , . . .}. (3) 

We then repeat the same procedure to approximate the action of the U p operator 
as in the previous section, using this basis to approximate U P {E\ S , ■ z l ). We see 
that this means that we have a more unified treatment of forms of general weight 
than was possible, for instance, in [15], where we had to use "Coleman's trick" 
to move between weight and weight-character k; sec for instance Definition 18 
of [TS] for an example of this. 

As in the weight case, we note that we can use our calculations to verify 
the conjectures of Buzzard and Clay on the slopes of modular forms in specific 
cases. We can also use this process to find the slopes of classical modular forms, 
using the following well-known theorem of Coleman: 

Theorem 7 (Theorem 1.1, [7]). Let f be ap-adic overconvergent modular form 
of weight k. If the slope of f is strictly less than k — 1, then f is a classical 
modular form. 

Let us illustrate this with another explicit example. Let p = 17 and k = 4. 
We can compute the characteristic power series of U p acting on overconvergent 
modular forms of weight 4 using the procedure above, and if we compute it 
modulo 17 13 acting on the basis {£4, E 4 ■ z,E±- 17/z, . . . , £4 • z 6 , E A ■ (17/z) 6 } 
then we find that the characteristic power series modulo 17 13 is given by 

g{x) = 1 + 8750351632484700a; + 8304425558400239a; 2 

+ 2202146495650844a; 3 + 1782357921875155a; 4 + 1742180286550466a; 5 
+ 7082953495257174a; 6 + 6100397542758674a; 7 

and one can check explicitly that the slopes of g{x) that correspond to cusp forms 
are {1,1,1,1,3,4}; these are the same slopes as those predicted by Buzzard's 
conjecture. We also note that the space S , 4 + i6-i7(SL 2 (Z)) of classical modular 
forms is effectively computable by a computer algebra system such as Magma 
or Sage, and we find that the first few slopes of the Hecke operator Un acting 
on these modular forms are {1,1,1,1,3,4}; it can be seen that the largest of 
these classical slopes is exactly k — 1. 

We see that the methods given in this paper to compute overconvergent mod- 
ular forms also enable us to draw conclusions about classical modular forms; this 
is completely independent of the modular symbols algorithms used in Magma. 
For instance, we see from our computation above that there is a unique 17-adic 
overconvergent modular form of weight 4 and slope 3; this form is a classical 
modular form, and the uniqueness of the slope means that its Fourier expansion 
is defined over Q17 rather than an extension field. 

3.2 Finding eigenfunctions 

A simple way to find approximations to eigenfunctions for the U p operator by 
iterating the action of the matrix of U p we have computed on a randomly-chosen 
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basis vector, which will leave us with only the eigenforms of lowest slope. 

This method is similar to that found in [13] , where the authors find overcon- 
vergent 5-adic modular eigenforms of weight by iterating the action of the U5 
operator. This in turn builds on the work of Atkin and O'Brien pQ which pio- 
neered this technique for finding p-adic eigenforms for p = 13; we note that for 
both of these primes p Xo(p) has genus 0. Another way of finding eigenfunctions 
is explored in Sections 4 and 5 of [18]. 

Let us illustrate the method with an example. Let p = 19 and k = 0. 
Using the methods we have developed above, it can be seen that the first few 
slopes corresponding to cusp forms are {0, 1, 1, 2, 3, 3}; in particular, there is a 
unique lowest slope. We can compute (Uig) 9 (z) modulo 19 9 to find the slope 
eigenvector (we will need to exclude the other slope eigenvector which is not 
a cusp form, but this can be done), and we find that the following combination 
of basis elements is an eigenvector of Uig modulo 19 9 : 

h(z) = 1 + 301286927Hz + 175491384265 • 19/z + 274929953659z 2 

+ 293026132171 • (19/z) 2 + 95628143705z 3 + 30772040349 • (19/z) 3 
+ 77897422935z 4 + 0(19 9 ) • (19/z) 4 , 

with eigenvalue 158723425855, which is indeed a unit in Z/19 9 Z. 

3.3 Compatibility with conjectures of Clay 

In Chapter 3 of Clay's thesis [6], conjectural formulae for the slopes of over- 
convergent modular forms are presented, in terms of the valuations of certain 
combinations of factorials. For example, the slopes of the C/ 5 operator acting on 
weight overconvergent forms are conjecturally given by 



In all cases where Buzzard's and Clay's conjectures have been checked, they give 
the same predictions for the slopes, and agree with the experimental evidence 
given by computation. We will now explain more about the basis of Clay's 
conjectures, and say what they are in this context. 

Clay's conjectures say that in level 1 that the slopes of the U p operator 
acting on overconvergent modular forms given by (the convex hull of) (p 2 — 1)/24 
formulae of a similar type to (U]); in particular, for p = 5 this means that there 
is only one formula. For the simplest case we are dealing with, p = 11, this 
means that there are 5 formulae of this type. We will now give these formulae 
explicitly; the calculations following are based upon Section 3.3 of [BJ. 

The following formulae can all be generalized to other weights at the expense 
of making the formulae more complicated; we present only the weight formulae 
for the sake of simplicity 

We can write a positive integer i uniquely as 5j + k, where j and k are both 
non-negative integers and k is less than 5 (the integer 5 here is (ll 2 — l)/24). 
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The i th slope is given by Sk(j); 



Sk{j) = < 



(6j)!(6j-l)! 

jiy-i)i 



-6)!(6j-6)! 



ll4, - < ( S-w-i). 

Wll ( H47-2 (6j-3)!(6j-4)! 



(j-i)iy-i)i 

^ 1147-1 (6j-2)l(6j-3)l ' 



if fc = 0, 

if = 1 , 
if fc = 2, 
if fc = 3, 
if fc = 4. 



We note that no convex hulling procedure is necessary here; the formulae give 
the slopes without having to adjust them. 

Similarly, we can write all positive integers i uniquely as 12i + j, where i 
and j are again both non-negative integers. The conjectural formulae for the i th 
slope Sfe(j) when p = 17 is given by 



Sfc(j') 





f 17 7j 


(9j)!(9j-1)!\ 




if k = 0, 


vn 


<l 7 7j 


_ 7 (9j-9)!(9j-9)!\ 
0-1)10-1)! ) ' 




if fc = 1, 


v-n 


'l 7 7j 


-9+fe (9j-ll+fe)!(9j- 


10+fc)!^ 


if 2 < fc < 4, 


0-i)!0-i 


)' J ' 


vn 


<l 7 7j 


-10+fc (9j-12+fe)!(9j 


-11+fe)!^ 


if 5 < fc < 8, 




1)! ) 


vn 


l 7 7j 


-11+fc (9j-13+fc)!(9j 


-12+k)'.\ 


if 9 < fc < 11 


C*-i)!0- 


!) ! ) 



and again no convex hulling is needed here. 

Finally we present the conjectural formulae for p = 19. We can write all 
positive integers i uniquely as I5i+j, where i and j are again both non-negative 
integers. The conjectural formulae for the i th slope Sfe(j) in this case is 

("W("K-i)^ if k = 0, 

if fc = 1, 
if 2 < fc < 4, 

s k (j) = | ^19 ^i9^-n + Hi°i-^j!(Vi3 +fc )i < ; if 5 < fc < 7; 

if 8 < fc < 10, 
if 11 < fc < 12, 
if k= 13,14, 

and as in the previous cases no convex hulling is needed. 

It is interesting to note that the slope formulae for p e {11, 17, 19}, where the 
modular curve Xo(p) has genus 1, and the slope formulae for p = 7, where Xo(p) 
has genus 0, are of the same type (there are two formulae that give the slopes 
for p = 7). This means that, viewed from this standpoint, the behaviour of the 



Vw 


[19^ 


Vl9 


(l9 8 ^ 


Vw 


l 9 8j 


Vl9 


(l9 8 ^ 


Vl9 


l 9 8j 


Vl9 


l 9 8j 


Vl9 





»!(»-!)! 






SUOj-lOWlOj-lO)^ 




0-1) 


!0-i)! y 




10+fe (10j 


-ll+fe)!(10j- 


12+fe)! 




0-i)!0-i) 


i 


11+fc (lOj 


-12+fe)!(10j- 


13+fe)! 




0-l)!(j-l) 


I 


12+fc (10j 


-13+fe)!(10j- 


14+fe)! 




0-l)!0-l) 


I 


13+fc (10j 


-14+fe)!(10j- 


15+fe)! 




0-i)!0-i) 


i 


14+fc (10j 


-15+fe)!(10j- 


16+fe)! 


0-i)!0-i)i 
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slopes is more similar than the different methods of computation needed in the 
genus and genus 1 cases would suggest. 

Based on the computations of Clay and the experimental evidence of our 
own computations, we make the following conjecture, which is a special case of 
Clay's conjectures: 

Conjecture 8. Let p 6 {11,17,19}. Then the slopes of the U p operator act- 
ing on over convergent p-adic modular forms of weight are given by the func- 
tions Sk(j) presented above. 
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